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A NOTE ON LIPSCHITZ CONTINUITY OF SOLUTIONS OF
POISSON EQUATIONS IN METRIC MEASURE SPACES
MARTIN KELL
Abstract. In this note we show how to adjust some proofs of Koskela et.
al 2003 and Jiang 2011 in order to prove that in certain spaces (X, d, µ),
like RCD(K,N)-spaces, every Sobolev function with local Lp-Laplacian and
p > dimµ is locally Lipschitz continuous.
In [KRS03] and [Jia11] Koskela et. al. and Jiang showed that functions with local
Lp-Laplacian, in particular harmonic functions, are locally Lipschitz continuous if
the space is locally Ahlfors regular, a local uniform Poincaé inequality holds and its
heat flows admits a kind of Sobolev-Poincaré inequality. In this note, we want to
show that Ahlfors regularity can be replaced by local uniform doubling and a weak
upper bound on the volume growth. In particular, every RCD(K,N)-space satisfies
these conditions (see [Gig12] for nicely developed calculus and further references).
Since the proofs are almost the same as the ones in [Jia11] we will only show
the necessary adjustments and refer to [KRS03, Jia11] for notation and precise
statement.
Remark. After this note was finished, we learnt that Jiang [Jia13] worked on an
extension of [Jia11]. Under similar assumptions, but without the upper bound on
the volume growth, he shows that functions with local L∞-Laplacian are locally
Lipschitz continuous and additionally gives some gradient bounds for those func-
tions.
Throughout this note we assume that (X, d, µ) is a complete metric measure
space which is infinitesimal Hilbertian (see Gigli [Gig12]). For those spaces the
Cheeger energy
Ch(u) =
ˆ
|∇u|2wdµ
is a Dirichlet form, where |∇u|w is the minimal weak upper gradient for u. We will
drop the subscript w and use the following notation
E(u, v) =
ˆ
〈∇u,∇v〉dµ
such that
E(u, u) = Ch(u).
Because Ch is a Dirichlet form the Sobolev space
W 1,2(X) = {u ∈ L2(X)|Ch(u) <∞}
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is a Hilbert space and for a dense subset of W 1,2(X) we can define the Laplacian
∆u ∈ L2 such that
E(u, v) = −
ˆ
v∆udµ.
Note that whereas 〈∇u,∇v〉 is a well-defined object in L1, ∇u is not defined.
Remark. Koskela et. al. [KRS03] and Jiang [Jia11] use Cheeger derivatives, which
are not necessary to develop the regularity theory. Furthermore, it is not necessary
to start with the Cheeger energy. If we assume that a space is equipped with
a Dirichlet form F such that the induced metric dF is Lipschitz equivalent to the
original metric, then the associated Laplacian satisfies the Leibniz rule and a similar
regularity theory could be developed if doubling, Poincaré and Sobolev-Poincaré
holds. Furthermore, according to [KZ12] if F satisfies the Bakry-Émery condition
then it is the Cheeger energy to dF and the space (X, dF , µ) is an RCD(K,∞)-
space. However, if the Sobolev-Poincaré inequality holds uniformly independent of
x then according to [Bak97] the Bakry-Émery condition holds.
We will assume the following doubling condition on the measure µ: for fixed
R > 0 and all 0 < r < R there are constants dR > 0 and CR > 0 such that
dRr
Q ≤ µ(Br(x))
and
µ(B2r(x)) ≤ CRµ(Br(x)).
Since we only want to show which adjustments are necessary, we will further assume
Q ≥ 2. This is no limitation on the spaces, since every space satisfying the volume
growth with dR and Q will satisfy it with Q′ ≥ Q and some different d
′
R. We
remark that the case Q ∈ (1, 2) can be treated similar to [Jia11], but to keep this
note short and simple we leave the details to the reader. Furthermore, dR could
depend on x if it satisfies certain growth condition (see below).
Every infinitesimal Hilbertian space X admits a natural heat (semi)flow Tt :
L2 → L2 which is the gradient (semi)flow of its Cheeger energy. Furthermore, this
heat flow admits a heat kernel. In order to get bounds on the heat kernel and
Hölder regularity of functions with Lp-Laplacian we also assume that X satisfies a
local uniform Poincaré inequality. Under these assumptions Sturm [Stu95] showed
that the following bounds hold:
1
C
v(t, x, y)e−
d(x,y)2
C1t ≤ pt(x, y) ≤ Cv(t, x, y)e
− d(x,y)2
C2t
with
v(t, x, y) :=
(
µ(B√t(x))
)− 12 (µ(B√t(y)))− 12 .
The following lemma will be useful to get estimates for pt(x, y) and plt(x, y).
Lemma 1. For any l > 0 and any (lt)2 < R the following is true
v(t, x, y) ≤ C˜l,Rv(lt, x, y).
Proof. Note that by the doubling property we have
µ(B√lt(x)) ≤ Cl,Rµ(B√t(x))
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and thus
v(t, x, y) =
(
µ(B√t(x))µ(B√t(y))
)− 12
≤ C˜l,R
(
µ(B√lt(x))µ(B
√
lt(y))
)− 12 = C˜l,Rv(lt, x, y).

Corollary 2. For any positive function ϕ and l = 2C1/C2 there is a constant
Cˆ > 0 such that the following holdsˆ
ϕ(y)pt(x, y)dµ(y) ≤ Cˆ
ˆ
ϕe
− d(x,y)22C1t plt(x, y)dµ(y).
Proof. By the upper estimate for pt and the lower estimate for plt we haveˆ
ϕ(y)pt(x, y)dµ(y) ≤ C
ˆ
ϕ(y)v(t, x, y)e
− d(x,y)22C1t e−
d(x,y)2
2C1t dµ(y)
≤ C · C˜
ˆ
ϕ(y)e−
d(x,y)2
2C1t v(lt, x, y)e
−d(x,y)2
C2(lt) dµ(y)
≤ C2 · C˜
ˆ
ϕ(y)e−
d(x,y)2
2C1t plt(x, y)dµ(y).

Remark. Because of the term e−
d(x,y)2
2C1t , if t is chosen sufficiently small, we still get
the same estimate with Cˆ depending also on x if the doubling constants depend on
the chosen point but satisfy some growth condition, i.e. for each x ∈ X there is a
CR,x such that
µ(B2r(x)) < CR,xµ(Br(x))
and
CR,y ≤ CR,xe
Dd(x,y)2.
Note that in the following lemma, only Hölder continuity of functions with Lp-
Laplacian will be used further below.
Lemma 3 ([Jia11, 2.1,2.2]). Assume that u ∈ W 1,2loc (X) such that ∆u = f on
B2r(x0) for some f ∈ L
p
loc(X) for p > Q ≥ 2 such that B2r(x0) ⊂⊂ X then
sup
Br(x0)
|u| ≤ C
{
r−Q/2‖u‖L2(B2r(x0)) + r
2−Q/p‖f‖Lp(B2r(x0)
}
.
Furthermore, there is a C′ > 0 such that u satisfy the above for B2R(x0) and such
that for all 0 < r < Rˆ
Br(x0)
|∇u|2dµ ≤ C′R2+Q(1−
2
p
)‖f‖2Lp(B2R(x0) +
C′
(R − r)2
‖u‖2L2(B2R(x0)).
In addition, u is locally Hölder continuous with constants only depending (locally)
on u and f and the doubling constants.
Proof. The first two parts follow from [Jia11, Proposition 2.1, Proposition 2.2] by
noting that
µ(Br(x0))
−1/p ≤ d−1/pR r
−Q/p.
The last part follows from [BM95, Theorem 5.13]. 
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Remark. Note that by the same argument (i.e. “lower Ahlfors regularity”) Lemma
3.2 and 3.3 in [KRS03] (resp. Lemma 2.4 and 2.5 in [Jia11]) hold without changing
the proofs.
The proof of [KRS03, Proposition 3.4] (used also in [Jia11, Lemma 2.1]) only
uses a very weak form of the “upper Ahlfors regularity” in order to show that
r−1(rµ(B2r(x)))
1
2 =
(
µ(B2r(x))
r
1
2
) 1
2
is bounded for r < 1 and converges to 0. It is easy to see that this holds if for some
α > 1 and R > 0
sup
0<r<R
µ(Br(x))
rα
<∞,
i.e. for some DR and all 0 < r < R we have µ(Br(x)) < DRrα. In the proposition
below, we will show that an even weaker condition is enough to prove the statement.
We say that φ : [0, T ] × X → R is a test function if it is Hölder continuous,
φ(t, ·) = φt ∈ W
1,2(X), (t, x) 7→ |∇φ(t, ·)|(x) ∈ L2([0, T ]×X) and φ(·, x) is abso-
lutely continuous on [0, T ] for µ-almost all x ∈ X .
Proposition 4. Assume that for µ-almost every x and each 0 < α < 1 there is a
C = C(x, α) > 0 such that
µ(Br(x)) ≤ C · r
α
Then there exists a constant K such that for every (Hölder continuous) test function
φ and almost every x ∈ Xˆ T
0
ˆ
φt∆pt(x, ·)dµdt := −
ˆ T
0
ˆ
〈∇φt,∇pt(x, ·)〉dµdt
=
ˆ T
0
ˆ
φt∂tpt(x, ·)dµdt +Kφ0(x).
Remark. (1) A first version of this note contained a wrong proof. The usage of
the correct term and the correct adjustment is thanks to Jiang. In [Jia13] Jiang
managed to avoid using [KRS03, Proposition 3.4].
(2) The assumption holds, for example, if for µ-almost every x
dimµ(x) = lim sup
r→0
logµ(Br(x))
log r
≥ 1,
i.e. the Hausdorff dimension of µ is at least 1. In particular, it will hold for
RCD(K,N)-spaces (see Lemma 7).
Proof. Assume for some 0 < α < 1, to be chosen later on, we have
µ(Br(x)) ≤ C · r
α
for all 0 < r < 1. Carefully checking the original proof, one notes that it suffices to
bound the following term for 0 < r < 1 and show that it converges to 0 as r does
1
r‖φ− φ(0, x)‖L∞(B2r(x)×(0,2r))
´ 2r
0
´
B2r(x)
|∇pt(x, ·)|dµdt
≤ 1r‖φ− φ(0, x)‖L∞(B2r(x)×(0,2r))(rµ(Br(x))
1
2
(´ 2r
0
´
B2r(x)
|∇pt(x, ·)|
2dµdt
) 1
2
≤ C
1
2 · Cφ · r
−1+β+1/2+α/2
(´ 2r
0
´
B2r(x)
|∇pt(x, ·)|
2dµdt
) 1
2
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where β ∈ (0, 1] is the Hölder exponent of φ and Cφ the Hölder constant. Choosing
α ∈ (1− 2β, 1), the term is dominated by C˜rγ for some γ ∈ (0, 1). In particular, it
is bounded and converges to 0 as r → 0.
Furthermore, because the doubling and Poincaré constants only depend on some
R we get by Sturm [Stu95, 2.6]
|∂tpt(x, y)| ≤ Cv(t, x, y) · t
−1e−
d(x,y)2
C1t .
With these two facts the proof of [KRS03, 3.4] can be followed without any
change. 
Finally we can state the main theorem.
Theorem 5. Assume the space satisfies the previous proposition and that there is
a constant C > 0 and T > 0 such that for every 0 < t < T and every g ∈ W 1,2(X)
the following Sobolev-Poincaré inequality for Tt holds
Tt(g
2)(x) ≤ (2t+ Ct2)Tt(|∇g|
2)(x) + (Ttg(x))
2.
Then any u ∈ W 1,2loc (X) with ∆u|Ω ∈ L
p
loc(Ω) for some open Ω ⊂ X is locally
Lipschitz in Ω if p > Q ≥ 2.
Remark. 1) Even though we made the assumption Q ≥ 2, similar to [Jia11], it is
possible to show the same for Q ∈ [1, 2).
2) If the Sobolev-Poincaré inequality holds uniformly, i.e. C does not depend
on x then Tt satisfies the Bakry-Émery condition and vice versa (see [Bak97]).
In the proof the condition is only required to hold for t sufficiently small and for
functions with support in a neighborhood of x, thus it might be interpreted as a
local curvature condition.
Proof. Note that Ahlfors regularity is used in the proof of [Jia11, 3.1, 3.2., 3.3] only
three times, namely Inequality (3.4) on page 291, on the bottom of page 294, and
for Inequality (3.12). We will only show how to adjust these steps and leave out
the details of the remaining parts.
Inequality (3.4) on page 291 of [Jia11] can be proven as follows:
|w(t, x)| = |u(x)φ(x) − Tt(uφ)(x0)|
= |u(x)φ(x) − u(x0)φ(x0) + u(x0)φ(x0)− Tt(uφ)(x0)|
≤ C · C(u, f)d(x, x0)
δ +
ˆ
X
|u(x0)φ(x0)− u(y)φ(y)|pt(x0, y)dµ(y)
≤ C · C(u, f)
{
d(x, x0)
δ
+
ˆ
|u(x0)φ(x0)− u(y)φ(y)|e
− d(x0,y)22C1t plt(x0, y)dµ(y)
}
where we applied Corollary 2. Splitting the integral as in [KRS03, p. 163] we get
|w(t, x)| ≤ C · C(u, f)
{
d(x, x0)
δ
+
ˆ
B
t
1
3
(x0)
d(x0, y)
δplt(x0, y)dµ(y)
+2‖u‖∞e
− t
2
3
2C1t
ˆ
X\B
t
1
3
(x0)
plt(x0, y)dµ(y)
}
≤ C · C(u, f)(d(x, x0)
δ + tδ/2}.
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Using the same argument we can derive the inequality on the bottom of page
294 in [Jia11]ˆ
X
|Dw(t, x)|2pt(x0, x)dµ(x) <
1
2t
ˆ
X
w2(t, x)pt(x0, x)dµ(x)
≤ C · C(u, f)2
1
2t
ˆ
X
(d(x, x0)
δ + tδ/2)2plt(x0, x)dµ(xy)
≤ C · C(u, f)2tδ−1.
Finally, to get the lower bound on
´ T
0
d
dtJ(t)dt we only have adjust inequality
(3.12) on page 295 of [Jia11]. The only term where Ahlfors regularity was used is
the following ˆ T
0
t−ǫ
(ˆ
pt(x0, x)
p
p−2 dµ(x)
)1− 2
p
dt,
where ǫ > 0 is chosen such that ǫ+ Qp < 1.
First note that pp−2 = 1 +
2
p−2 and
pt(x0,x)
2
p−2 ≤ (Cµ(B√t(x0)
− 12µ(B√t(x)
− 12 )
2
p−2 ≤ C˜t−
Q
p−2 .
Therefore,
ˆ T
0
t−ǫ
(ˆ
pt(x0, x)
p
p−2 dµ(x)
)1− 2
p
dt ≤
ˆ T
0
t−ǫ
(
C˜t−
Q
p−2
ˆ
pt(x0, x)dµ(x)
) p−2
p
dt
≤ Cˆ
ˆ T
0
t−ǫ−
Q
p
(ˆ
pt(x0, x)dµ(x)
) p−2
p
dt
≤ C′ <∞,
where C′ depends only on Cˆ, T and ǫ + Qp < 1, which can be chosen uniformly in
a neighborhood of x0.
The remaining parts of the proof follow by directly copying Jiang’s proof of
[Jia11, 3.1,3.2, 3.3]. 
Corollary 6. Assume X satisfies the RCD(K,N) condition. Then any u ∈
W 1,2loc (X) with ∆u ∈ L
p
loc and p > N is locally Lipschitz continuous.
The corollary is a result of the following lemma which might be useful in its own
right. First let us state the Bishop-Gromov volume comparison inequality: X is
said to satisfy BG(K,N) if for each 0 < r < R <∞ and x ∈ X
µ(BR(x))
µ(Br(x))
≤
VK,N (R)
VK,N (r)
,
where VK,N (r) is the volume of the ball of radius r in the N -dimensional model
space MK,N of constant curvature K. Note that VK,N is non-decreasing and locally
Lipschitz in a neighborhood of every r > 0.
Lemma 7. Assume X satisfies BG(K,N). Then for every x ∈ X and R0 > 0
there is a C > 0 such that for every 0 < r < R0
µ(Br(x)) ≤ C · r.
In particular, C can be chosen uniformly in a neighborhood of x.
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Remark. This result is based on a proof of Lipschitz continuity of x 7→ µ(Br(x))
by Bačák-Hua-Jost-Kell [BHJK13] based on Buckley’s δ-annular decay property in
[Buc99]. Earlier, but independently, Kitabeppu [Kit13, Lemma 3.1] discovered this
fact as well.
Proof. Take any y ∈ X\{x}. Then for 0 < ǫ < r = d(x, y)
Bǫ(x) ⊂ Br+ǫ(y)\Br−ǫ(y).
Thus, by continuity of ǫ 7→ µ(Bǫ(x)), it suffices to show that
µ(Br+ǫ(y)\Br−ǫ(y))
2ǫ
is bounded for 0 < ǫ≪ 1.
By the BG(K,N) condition
µ(Br+ǫ(y)\Br−ǫ(y))
µ(Br+ǫ(y))
=
µ(Br+ǫ(y))− µ(Br−ǫ(y))
µ(Br+ǫ(y))
= 1−
µ(Br−ǫ(y))
µ(Br+ǫ(y))
≤ 1−
VK,N (r − ǫ)
VK,N (r + ǫ)
=
VK,N (r + ǫ)− VK,N (r − ǫ)
VK,N (r + ǫ)
.
Because VK,N is locally Lipschitz, i.e. L = LipVK,N |(r−ǫ0,r+ǫ0) < ∞ for some
ǫ0 > 0,
µ(Br+ǫ(y)\Br−ǫ(y))
2ǫ
≤
L · µ(Br+ǫ0(x))
VK,N (r)
≤M <∞
for all 0 < ǫ < ǫ0. Also, note that M can be chosen uniformly in a neighborhood
of x. 
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